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Small-Angle Scattering from Hexagonally Packed Cylindrical 
Particles with Paracrystalline Distortion 
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ABSTRACT Elastic small-angle scattering of X-rays, neutrons, and light from an assembly of hexagonally 
packed cylindrical particles with a paracrystalline distortion was investigated. The scattering formula is 
presented, and the effects of the paracrystalline distortion factor g and volume fraction of the particles on 
the scattering profiles are discussed. This scattering theory is applied to small-angle X-ray scattering (SAXS) 
from a binary mixture of a sphere-forming block copolymer and a lamellar-forming block copolymer. The 
SAXS study confirmed that the two copolymers are mixed at the molecular level, forming the hexagonally 
packed cylindrical morphology, and the various characteristic parameters describing the morphology were 
extracted from the best fit between the experimental and theoretical scattering profiles. The SAXS results 
were confirmed by transmission electron microscopy. 

I. Introduction 
Elastic small-angle scattering (SAS) of X-rays, neutrons, 

and light has been used as one of the most powerful 
techniques in structural analyses of heterogeneous ma- 
teria1s.l The technique has been applied to various fields 
in complex fluids (colloids, surfactants, emulsions, poly- 
mers, liquid crystals, membranes, etc.) as well as those in 
the solid state, and heterogeneities occurring in the length 
scale ranging from 10 A to 10 pm have usually been studied. 

We have previously presented SAS analyses of a one- 
dimensional stack of lamellae2 and spherical particles 
stacked with cubic ~ymmetries,~ both with paracrystalline 
di~tor t ion.~ We have discussed the effects of various 
structure parameters on SAS p r ~ f i l e s ~ f ~ ? ~  and applications 
of the SAS analyses to block copolymer systems with 
lamellar216 and spherical micro domain^^^^ as well as to latex 
 particle^.^ Here we extend our analyses to hexagonally 
packed cylindrical particles with paracrystalline distortion, 
and we apply our analyses to a block copolymer having 
the cylindrical microdomain. 

In this paper we first present the scattering theory for 
an assembly of hexagonally packed cylindrical particles 
with a given orientation (sections I1 and 111) and an 
arbitrary orientation distribution (section IV). We then 
discuss numerical analyses of the scattering profiles 
(section V). This scattering theory is applied to small- 
angle X-ray scattering (SAXS) from the block copolymer 
system polystyrene-block-poly(ethylenepropy1ene) (PS- 
PEP), particularly a binary mixture of the lamellar-forming 
PS-PEP and the sphere-forming PS-PEP (section VI). 
Comparisons between theoretical and experimental SAXS 
profiles prove that the two copolymers are mixed at  the 
molecular level, forming hexagonally packed cylindrical 
microdomains. Comparisons also provide the various 
characteristic parameters describing the cylindrical sys- 
tems. 
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11. Scattering Theory 
11-1. Model. Let Oxyz be the Cartesian coordinate 

fixed to a grain of cylindrical particles with radius R and 
length L packed with hexagonal symmetry and with cell 
edge a (Figure la). We assume that the cylinders are 
perfectly oriented along the Oz axis in this grain as shown 
in Figure la,b, where a1 and a2 are the primitive lattice 
vectors whose magnitudes correspond to the intercylinder 
distance a. According to the conventional method, we 
transform the primitive lattice vectors a1,a2, and 8 3 ,  where 
a3 is parallel to the Oz axis, into the orthogonal lattice 
vectors bl, b2, and b3, where bl, bp, and b3 are defined in 
Figure lb ,  

b3 = a3 (la) 

b2 = a2 (lb) 

( I C )  

and take the Ox and Oy axes parallel to bl and b2. For 
a perfect lattice we have 

(2) 
We assume that a1 and a2 have the paracrystalline 
distortion (A2Uij)1/2 (ij = 1,2) as shown in Figure IC. In 
this work we shall give a numerical analysis only for a 
special case of the directionally independent para- 
crystalline distortions such that 

b, = 2a1 + a2 

1811 = la21 = a 

A2aij = h2a (3) 
The grain contains N1 and N2 unit cells along a1 and 8 2 ,  

respectively, and only one unit cell along a3; hence there 
are N = NlN2 cells in total. Thus our model does not 
apply to the case of smectic ordering, because it assumes 
no axial orientation correlation between the cylinders. The 
intergrain interference effect was ignored in our model, so 
that the scattered intensity (but not the scattered am- 
plitude) from each grain is summed up (“independent 
scattering” assumption). This assumption of independent 
scattering is legitimate for scattering at  q > q*, where q 
is the magnitude of the scattering vector defined in section 
11-2-A. The quantity q* is a critical value of q given by 
q* max[2~lL, BalNla, 2 ~ l N ~ a l .  The grains have an 
orientation distribution which is specified by w ( (Y,Q,K) with 
respect to the Cartesian coordinate Oxlylzl fixed to the 

0024-9297/94/2227-3063$04.50/0 0 1994 American Chemical Society 



3064 Hashimoto et al. Macromolecules, Vol. 27, No. 11, 1994 

00 
Figure 2. Eulerian angles ((Y,B,K) which specify the orientation 
of the cylinder axis n with respect to a laboratory-fixed Cartesian 
coordinate Oxlylzl. 0x1  is the incident beam axis, parallel to the 
unit vector SO, and the 2D detector is placed in the plane normal 
to SO. B' is the unit vector parallel to the scattered beam whose 
intensity is measured as a function of the scattering angle 28 and 
azimuthal angle 1, 

Z9 

(c) 
Figure 1. (a) An assembly of hexagonally packed cylinders of 
length L and radius R and the coordinate Oxyz fixed to the 
assembly. (b) Relation between the primitive vectors (a1 and 8 2 )  
and the orthogonal vectors (bl and b2) for the hexagonal lattice. 

The axis Oz is parallel to the cylinder axis whose unit vector is 
given by n. There is no axial orientation correlation of the 
cylinders along 0 2 .  

(c) Paracrystal distortions of the second kind [A2aij11/2 (ij = 192). 

laboratory, as shown in Figure 2, or by w(P,q,4) with respect 
to the Cartesian coordinate OXUZZZ fixed to another 
laboratory coordinate. The properties of the grains are 
assumed to be independent of orientation. In Figures 2 
and 3, n is a unit vector along the Oz axis, i.e., the cylindrical 
axis in the grain which has orientation specified by a polar 
angle a ,  an azimuthal angle Q, and a rotational angle K 

with respect to its axis n. The incident beam propagates 
along the 0 x 1  axis and its propagation direction is denoted 
by a unit vector 80. The intensity of the scattered beam, 
the propagation direction of which is specified by a unit 
vector s', is measured as a function of scattering angle 28 
and azimuthal angle p. 

11-2. Scattering Formula for Cylindrical Systems 
with Paracrystalline Distortion of the Second Kind. 
11-2-A. General Formula. Let I(q;n) be the elastic 
scattering intensity a t  scattering vector q from the grain 
with a given orientation n with respect to the laboratory- 
fixed coordinate (Figure 2), where q is given by 

q = 2a(s'- so) /h  

with X being the wavelength of the incident beam. Then 

X 

Figure 3. Eulerian angles (&?A) which specify a relationship 
between the two Cartesian coordinates, Oxyz fixed to the 
paracrystal and 0 ~ ~ 2 2 2  fixed to the laboratory. The axis 022 is 
taken parallel to q. 
I(q;n) is generally given by4 

I(q;n) = N[(V(q)12) - I(f(q))121+ N(f(q)fU- 02(q)l + 
(l/u)l(f(q) )I2o2(a) Z(s)*IWl2 (4) 

where N is the number of particles in the grain, f (q )  is the 
structure amplitude of the particle, u is the volume 
occupied per particle, Z(q) is the paracrystal lattice factor 
with distortion of the second kind: 2(q) is the shape 
amplitude of the grain, and D2(q) is the factor related to 
the thermal vibration about the paracrystalline lattice 
points, associated with the paracrystalline distortion of 
the first kind? The symbol u*n designates a convolution 
product. (k(q)12) and (f(q)) denote, respectively, an 
average of v(q)l2 and f(q) with respect to size distribution, 
orientation distribution, and scattering power distribution 
of the cylinders in the lattice. Now Z(q) is given by 

(5) 

where d is the spatial dimensionality (d = 1,2, or 3); d = 
2 for our system. The kth lattice factor z k ( Q )  is given by 
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with Re{x) designating the real part of x and 

and 

Here (gkj) (kj = 1,2) are components of the paracrystalline 
distortion tensor defined by 

(9) gk: = A2akj/aj 2 

where A2akj are defined in Figure IC. 

numerical calculations is given by 
An alternative expression for eq 5 convenient for 

I(q;n) = N[(v12) - I(f)I21 + Y(f)12[1 -@WI + 

WhereI,k is the zeroth-order scattering related to the finite 
size of the grain and is given by8 
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*a2 = qg2.b2 = qb2($.9) (15) 

In eqs 14 and 15,%2,92, and 22 are the unit vectors along 
0 x 2 ,  Oyz, and 022 ,  respectively. % and 9 are the unit vectors 
along Ox and Oy, respectively, and eqs l b  and IC were 
used. Noting that 

b, = d a ,  b, = a (16) 

from eqs 1 and 2 (Figure lb)  and also that 

2,.f = -sin p cos 4, 22.9 = sin p sin r$ (17) 
we obtain 

q a ,  = -aq sin p cos 4 - - (18) 

(19) 

( a 
qa, = aq sin /3 sin 4 

where the state 4 = 0' was chosen in such a way that qa2 
= 0 when 

The structure amplitude for a cylindrical particle f(q) 
in eq 4 or 10 with a given orientation shown in Figure 2 
is given by 

= 90' and 4 = 0' (Figures l b  and 3). 

Then the observed scattering intensity at q, I(q), is given 
by 

where ( ...),, designates the scattered intensity averaged 
over all possible orientation distributions of n, specified 
by the distribution function w(cY,Q,K). 
11-2-B. Scattering Formula for  Cylindrical Par- 

ticles in a Paracrystall ine Hexagonal Lattice. We 
assume here that the thermal vibration of the cylinder is 
frozen at  the lattice point for simplicity, 

D2(q) = 1 (13) 

The cylinders are hexagonally packed, so that the spatial 
dimensionality d in eqs 5 and 10 is 2. 

For the sake of convenience we consider here another 
Cartesian coordinate Ox2y222 fixed to the laboratory in 
which we take the 022 axis parallel to q and the 0 x 2  and 
Oyp axes orthogonal to q. The coordinate Oxyz fixed to 
the grain is related to the coordinate Ox2yy~zp by Eulerian 
angles (/3,~,4) as shown in Figure 3. 

Then (qal) and (qa2) in eqs 6-8 are given by 

exp [ - iq2a: sin2 81 (20) 

where A,Ap is the difference in the scattering power 
between the cylinders and their medium, Vis the volume 
of the cylinders, and a, is a parameter characterizing the 
interface thickness of the cylinders along their radii (see 
Appendix). We assume that the distribution of the 
cylinder radius R is given by a Gaussian distribution, 

where R and OR are the mean radius and a standard 
deviation of R from R ,  respectively. Then ( f n )  in eq 4 or 
10 is given by 

C P ( R )  fn(q;R) dR 
( f " )  = (22) 

C P ( R )  

wheref(q8) denotes the structure amplitude from a single 
cylinder having a given radius R. 

The observed scattered intensity I(q) is obtained by 
averaging I(q;n) over all possible orientations of the grains, 

I ( q )  = Jo2TdKJozrdQ[da w(cY,Q,K) I(q;n) sin (Y (23) 

or 

where w((Y,Q,K) or w(P,~,r$) is a normalized orientation 
distribution satisfying 
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For a uniform orientation distribution, we have 

w = 1/(87r2) (26) 

Thus the equations describing SAS for an assembly of 
cylinders packed in a hexagonal paracrystal lattice are 
given by eqs 5-11, 13,18-22, and 24. 

111. Scattering Formula for  a Special Case 
Let us consider block copolymer films havingcylindrical 

microdomains. The film normal is parallel to 021; Le., the 
film surfaces are parallel to Orly, in Figure 2. The 
cylindrical axis n in the solvent-cast films tends to be 
aligned parallel to the film surface such that a = 90" and 
0 is random. Let us now consider this special case and the 
scattering normal to the film surface, i.e., the scattering 
attheazimuthalangler equal too'. Under thiscondition, 
p = 90° and 7 is random in Figure 3, so that from eqs 2, 
3, 5, 6b, 8, 18, and 19 

Z(q) = z,(q) Z,(q) (27) 

Z,(q) = (1 - exp[-(A2a)q2PI)/(1 - - .  
2 exp[-$A2a)q2P] cos[aq cos(@ - :)] + 

exp[-(A2a)q2Pl) (%a) 

Z,W = 
1 - exp[-(A2a)q2Pl 

1 - 2 exp[- i(A'a)q2P] cos(aq sin 4) + exp[-(A'a)q'Pl 

(28b) 

where 

( 2 8 ~ )  7r P = cos2(@ - 6) + sin' 4 

f(q) in eq 20 is given by 

for this special case, since = 90'. The meridional 
scattered intensity I l ( q ; @ )  in a direction normal to n is 
given by 

I l ( q ; @ )  = NrtV-1) - l(f)l21 + l(f)I'NiNz(Zi + Ici/Ni)(Zz+ 
Icz/N2) Goa) 

where Z,I and IC' are given by eq l lb .  Thus an average 
meridional scattered intensity I l ( q )  is obtained by 
averaging I L ( q ; @ )  with respect to @, 

IV. Lorentz Correction: Generalized Scattering 
Formula for Systems Having an Orientation 
Distribution 

In the case when L >> R >> A, the scattered intensity 
from a single cylinder I,(q) has a nonzero value a t  q. 
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Figure 4. (a) A paracrystal having L >> R. (h) The scattered 
intensity distribution for the paracrystal shown in part a is 
localized in the plane T normal to n and through the origin in 
reciprocalspace. The rotationalangle 6 isassumed to be random. 
(c) The scatteredintensitydistrihutionfor theparacrystal having 
an orientation distribution in three-dimensional space. 

satisfying q. < 1/L and thus at q. z 0, where q. is the 
component of the scattering vector q parallel to the 
cylindrical axis. Thus from eq 20 and Figure 3, 

(31) 

where 6 is the delta function, 

q = q,* + sy9 + qz2 (32) 

and 

4, (9: + 4,2)1'2 (33) 

In eqs 32, %, 3, and 2 are the unit vectors along the Ox, 
Oy, and Oz axes, respectively. Thus I,(q) = Ip(q,.q2) is 
the 6 function along q. a t  a given qr. An appreciable 
intensity existsinreciprocalspaceonlyin the plane passing 
through its origin and normal to the cylinder axis. 

Similarly, the scattered intensity I(q;n) from the grains 
(Figure4a) hasnonzerointensityonlyintheplaneawhich 
passes through qz = 0 in reciprocal space and is perpen- 
dicular to the cylinder axis n. The scattering has a 
cylindrically symmetric intensity distribution with respect 
to n if @ is random as schematically shown in Figure 4b; 
i.e., 
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I(q;n) = I,(@ (34) 

where I ,  is the intensity a t  q in a given direction normal 
to n (see Figure 4b). Here, q qr; i.e., we suppressed the 
subscript r for the sake of convenience. The total scattered 
intensity Q(q)  from the grain at a given q normal to n is 
then given by 

Q(q) = 2aqIl(q) (35) 

In the case when the paracrystal grain has an orientation 
distribution with respect to any given laboratory axis, the 
scattered intensity localized in the plane a is distributed 
on a surface of sphere S in reciprocal space as schematically 
shown in Figure 4c. Thus the total scattered intensity 
Q(q) is given by 

Q(q)  - J(q)q2  (36) 

where J(q)  is the intensity distribution measured along 
any given direction in reciprocal space. The total intensity 
given by eq 35 should be physically identical to that given 
by eq 36. Hence we obtain 

J ( q )  - q-lIJq) (37) 

The prefactor q-l is the Lorentz factor, some features of 
which were discussed extensively in a previous paperq5 
Equation 37 can be applied for any system having a given 
orientation except for a perfectly oriented system which 
exists mathematically as a singular point and for which 
J ( q )  normal to n is given by 

J ( q )  - (38) 

It  is obvious that the intensity I l ( q )  can be calculated 
from I l ( q ; $ )  given by eq 30. 

Now let us try to investigate eq 36 in detail and in a 
different way for the systems whose orientation distribu- 
tion w((Y,Q,K) is specified in termsof the coordinate Oxlylzl 
shown in Figure 2. The scattered intensity distribution 
with q at  a given azimuthal angle p, I ( q , p ) ,  depends on a 
number density of the paracrystals whose axes n orient 
normal to the vector q specified by 26 and p. Since the 
structure dealt with here is assumed to be independent of 
its orientation, the relative intensity distribution with q 
is independent of p, and hence I ( q , p )  is written by 

I(q,cl) = J ( q )  F(P) (39) 

F ( p )  depends on the number density of the paracrystals 
contributing to the scattering at this p. If we consider a 
case in which the paracrystals are uniaxially oriented with 
respect to the 021 axis, for the sake of simplicity in our 
argument, the total intensity Q(q) is given by 

Thus we can obtain eq 36. Similarly, we can prove eq 36 
for a biaxial orientation of the paracrystals. 

V. Numerical Analyses 
Numerical analyses for the scattering from the cylinders 

with the hexagonal paracrystal lattice were performed for 
the following cases: (i) a1 = a2 = u and A2aij = A2a or gij 
= g = (A2a/a2I1f2 (ij = 1,2), i.e., the case in which eqs 2 
and 3 are satisfied; (ii) the rotation of the crystals around 

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 
fdioo 

Figure 5. Effects of the paracrystal distortion factor g on the 
lattice factor Z(p). The higher order maxima are seen at the 
scattering vector satisfying sdhko  = 1, where dhko is given by eq 
45. The scattering vector s is related to q by q = 2us. 

the cylinder axis is uniform, Le., the case in which the 
angle $ in Figure 3 or K in Figure 2 is random; (iii) the size 
of the paracrystal N = N1N2 is infinite so that the zeroth- 
order scattering I& becomes insignificant, and (iv) D2(q) 
= 1. In this case eq 10 is simplified as 

I(q;n)/N = VI) - I(f)12 + I(f)12z1z2 (41) 

The q dependence of the scattered intensity in a given 
direction in the reciprocal space J(q)  was calculated either 
by using eqs 24 and 41 (“full” intensity distribution) or by 
using eq 37 (“Lorentz-corrected” intensity distribution), 
where I* in eq 37 is obtained from eq 30b and I ,  (q;$) in 
eq 30b is simplified similarly to eq 41 

(42) 

V-1. Paracrystal Lattice Factor 2. From eqs 27 and 
28, the paracrystal lattice factor 2 was numerically 
estimated by averaging it with $. For the numerical 
analyses, it is important to note that the lattice factor Z 
is a sharp function of $ at  about the values satisfying 

Il(q;$)/N = (PI) - l(f)I2 + l(f)I2Z,22 

[l - cos(aq sin $)1{1- cos[aq cos($ - a/6)1) = 0 (43) 

Figure 5 shows the results for Z(q) at paracrystal distortion 
factors g = 0.03, 0.05, and 0.09 plotted as a function of 
reduced scattering vector sdlm, where s = q/2a = 2(sin 
6)/A and d l ~  is the lattice spacing of the (100) plane. The 
spacing dlm is related to the cell edge a 

dlm = ( ~ 5 / 2 ) a  (44a) 

so that 

sd,, = (~‘5/4a)aq (44b) 

As seen in Figure 5 , Z  has a series of sharp higher order 
maxima at  the reduced scattering vectors 1, &, d, 
fi, h, fi, fi, fi, ... relative to that of the first- 
order maximum. These positions of the higher order 
maxima are given by 

sdhko = d h 2  + hk + k2 (h,k, integers) (45) 

and correspond respectively to dim, d110, d200, d210, d300, 



3068 Hashimoto et al. Macromolecules, Vol. 27, No. 11, 1994 

1 
0 0  10 20 30 40 5 0  60 70 80 
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Figure 6. Comparison between the “Lorentz-corrected” intensity 
profile (the profile designated “Lorentz Factor”) and the “full” 
intensity profiles for the paracrystals having various asp@ ratios 
LIR for a given set of the parameters ( i p  = 0.274, QJR = 0.05, 
u, = 4.0 A, g = 0.05, and 08 = loo). 

dzzo, &IO, d4w, ..., where dhko is the lattice spacing of the 
(hkO) planes. I t  is obvious that the higher order peaks 
damp away to the asymptotic value of unity, more rapidly 
with increasing paracrystal distortion factor g, which 
provides an experimental basis to determine the value g. 
V-2. Lorentz Correction. Figure 6 compares the 

“Lorentz-corrected” scattered intensity profile (the top 
profile designated by “Lorentz Factor”) with the “full” 
intensity profiles calculated for various aspect ratios LIR 
and for a given set of the parameters characterizing the 
paracrystals, CP = 0.274, aR/R = 0.05, as = 4.0 A, g = 0.05, 
and a0 = loo, where @ is the volume fraction of cylinders, 

= (2a/~‘? i ) (R/a)~  (46)  

and aa is the parameter characterizing the breadth of the 
orientation distribution of the cylinders with respect top. 
We assume here the following orientation distribution 
function: 

(47)  

It  is clearly shown that the Lorentz-corrected profile 
becomes essentially identical to the full intensity profiles 
for cylinders having an aspect ratio LIR 1 4, although the 
Lorentz-corrected profile is theoretically expected to be 
rigorous for the limit of LIR - a. For the cylindrical 
microdomains found in the block copolymers, LIR is very 
likely to be greater than 4. Therefore the Lorentz- 
corrected profiles can be used in practice as theoretical 
profiles and can be compared with experimental profiles 
to obtain the paracrystal parameters. The full intensity 
profiles for the assembly of cylinders having an aspect 
ratio L12R < 2 were not shown here, though a comparison 
of the full intensity profile with the Lorentz-corrected 
intensity profiles for such cylinders may be interesting. 
This is simply because for such an assembly of short 
cylinders it is very likely that we must take into account 
the axial correlation of cylinders, which we ignore in our 
model (section 11-1). Thus the assembly brings us a new 
problem which is beyond scope of the present work. We 
hereafter show only the Lorentz-corrected scattering 
profiles. 

W(P) = (const) exp(-IP - 9 0 ° ) 2 / 2 a t )  

@ = 0.274 
% / E  = 0.05 

0 

Figure 7. Effect of the paracrystal distortion factor g on the 
scattered intensity profiles. The scattering from a single cylinder 
(designated “Particle Scattering”) having specified by CP is 
shown as a reference. 

n “ j  > 
L 

i 
62 

Figure 8. Effect of the volume fraction of the cylinders on the 
scattering profiles from the paracrystal and the scattering from 
a single cylinder (the profile at the bottom) having R specified 
by a. 

V-3. Paracrystalline Distortion Factor. Since the 
paracrystalline distortion factor g affects the theoretical 
intensity profile only through the paracrystal lattice factor 
2, its effect on Z was discussed in section V-1. However, 
the effect of g on the scattering profiles is not intuitively 
clear, because the profiles are also affected by the form 
factor of the particles on the lattice. Thus we show the 
effect of the paracrystal distortion factorg on the “Lorentz- 
corrected” scattering profiles in Figure 7, together with 
the scattering profile from a single cylinder (designated 
as “Particle Scattering”), for a given set of the parameters 
Q, = 0.274, UR/R = 0.05, and a, = 4.0 A. Asg increases, the 
higher order peaks tend to damp out, and the profile is 
reduced to the particle scattering profile. 
V-4. Estimation of Volume Fraction of Cylinders. 

Figure 8 shows the effects of the volume fraction of 
cylinders on the scqtttering profiles for a fixed set of the 
parac stalline parameters g = 0.05, a ~ 1 R  = 0.05, and a, 
= 4.0 r, together with the particle scattering factor for a 
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Table 1. Molecular Characteristics of PS-PEP Diblock 
Copolymers 

code Mnn MW/Mnb Wps'(%) fpsd morphology 
K2 3.2X IO' 1.5 38.7 0.339 lamella 
K3 3.4 X IO' 1.3 12.4 0.103 sphere 
a Number-average molecular weight determined from a membrane 

osmometer. Heterogeneity index determined from size exclusion 
chromatography. Weight fraction of polystyrene block in the 
copolymer determined from '3C NMR. Volume fraction of poly- 
styrene block in the copolymer calculated with Wpsand the densities 
of PS (1.06 g/cm3) and PEP (0.86 g/cm3). 

cylinder having the radiusR as determined from = 0.326 
as a reference. It should be noted that the relative 
intensities of the higher order maxima, in this particular 
case those a t  4 and 4, are very sensitive to the change 
of a. This factor provides a basis for the experimental 
determination of the volume fraction of cylinders in the 
lattice. The positions of the broad particle scattering 
maximaaredifferentfrom thosein Figure7, whichreflects 
the difference in the value R. The peak positions of the 
hroad particle scattering maxima provide a method to 
evaluate& and thoseof the sharp maxima from the lattice 
spacings dhho provide a method to evaluate a. The values 
R and a also determine the value a. This value should be 
consistent with the value determined from the relative 
peak heights. 

VI. Comparison with Experimental Scattering 
Profile 

In this section we apply the scattering theory described 
above to SAXS from a binary mixture of PS-PEP diblock 
copolymers and try to characterize its uniquemicrodomain 
structure. 

VI-1. Block Copolymer Samples. The molecular 
characteristics of the PS-PEP diblock copolymers used 
in this work are summarized in Table 1. The copolymers 
were kindly supplied by the Research Laboratory, Kurare 
Co. Ltd., Japan. The samples coded K2 and K3, which 
were prepared especially for our research, were synthesized 
by living anionic polymerization to create a polystyrene- 
block-polyisoprene precursor, followed by selective hy- 
drogenation of the polyisoprene block. The size exclusion 
chromatograms of the PS-PEP copolymers showed a broad 
single peak as characterized by the heterogeneity index in 
Table 1. Film specimens of the 50/50 wtiwt blend of K2/ 
K3 as well as those for the neat copolymers K2 and K3 
were prepared by the solution-cast method in which a 5 
wt 9% solution of each copolymer system was cast into 
films of -0.5-mm thickness by slowly evaporating the 
solvent (toluene) a t  30 O C  over 10 days. The as-cast films 
were further annealed at  150 ' C  for 30 min. 

The microdomain structures formed in the films were 
examined by transmission electronmicroscopy (TEM) and 
SAXS. For TEM observation, the films were first stained 
byRu04vapor and subsequentlycutinto ultrathin sections 
of -500 A at -85 "C by using an ultramicrotome (LKB 
4800A Ultratome) with a diamond knife. The sections on 
theelectron microscope grids were further stained by RuOl 
vapor for a few hours. Electron microscopy observation 
was done with a Hitachi H7000 transmission electron 
microscope operated a t  100 kV. The SAXS profiles were 
obtained by a method described elsewhere9 and corrected 
for air scattering, thermal diffusescattering, and slit-width 
and slit-height smearing effects. 

Figure 9 shows a typical TEM micrograph for copolymer 
K2 in which the bright and dark phases correspond to 
lamellae composed of poly(ethylenepropy1ene) (PEP) 

sample 
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Figure 9. Transmission electron micrograph for the PS-PEP 
specimen K2, showing alternating dark and bright lamellae 
composed of the PS and P E P  block chains, respectively. 

block chains unstained by RuO4 and lamellae composed 
of polystyrene (PS) block chains stained by RuO4, 
respectively. The micrographs represent a regular alter- 
nating lamellar microdomain structure composed of PEP 
lamellae and PS lamellae. The lamellar assembly has a 
grain structure detailed elsewhere,'O and each grain has 
a different orientation with respect to its lamellar normal. 
Thus when the incident X-ray beam is irradiated normal 
to the film surface, the SAXS patterns taken normal to 
the incident beam show a series of diffraction rings with 
a circularly symmetric intensity distribution with respect 
to the incident beam axis. 

Figure 10 shows the SAXS intensity profile for K2, in 
which the profile shown by the dots was experimentally 
obtained and that shown by the solid line is the theoretical 
profile for the alternating lamellar assembly with paracrys- 
tal distortionszb which is best fitted to the experimental 
profile according to the method described in section VI-2. 
The best-fitting procedure yields the parameters char- 
acterizing the lamellar structure: the lamellar identity 
period d = 349.0 f 1.0 A, the paracrystal distortion factor 
ofthelamellarassemblyg= (3.20*0.15) x lW2,thevolume 
fraction of PS lamellae @ps = (3.15 f 0.06) X lW', the 
standard deviation inthickness distribution of PS lamellae 
UPS = 5.2 * LOA, and the characteristic interface thickness 
between PS and PEP lamellae t z (2n)1izus = 20 f 15 A. 
The large error involved in the estimation of t will be 
discussed in section VI-3. 

Figure 11 presents the TEM micrograph obtained for 
K3. The micrograph shows spherical microdomains of 
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Figure 10. Experimental (shown bydots) and calculated SAXS 
profiles (shown by a solid line) for the PS-PEP specimen K2. 
The best fit between the calculated profile and the experimental 
profile over the entire q range covered in this work ielded an 
optimal set of structure parameters: d = 349.0 f 1.0 1 , g  = (3.20 
* 0 . 1 5 ~ X 1 0 - * , ~ p s = ( 3 . 1 5 i 0 . 0 6 ) X 1 0 - ' , a p s = 5 . 2 ~ 1 . 0 ~ o r  
t = 20 * 15 A. t can be estimated with a better accuracy (see 
the comment in section VI-3). 

Figure I I .  'l'r.:ti.i..i.. I I  t'lc t r l l i i  ltul r errph l ~ r  the PS-PEP 
rprcimen K ). . l i , x i j d  1 1 ~  qphrri. zmipwed of  the PS block 
chainsdisperred In [ h i  rnatris~.<.nipmed< f i h e  PEP blockchains. 
The spheres upprar I O  he inrcrcmnected. due I J  the facts that 
they overlap ;rlcmg the thirkncri direction of the ultrathin 
specimens and lhnt  t h t s  aw parked in acuhic lattice witha large 
paracrystal disrwrtion factor Q. 

PS block chains dispersed in the matrix of PEP block 
chains. The spheres appear to be connected, which is an 
artifact due tooverlap along the thicknessdirectionofthe 
ultrathinspecimen. 'I'heartifact irhelieved to hetheresult 
of ci, the small radius of the spheres and interparticle 
distance relative to the thickness of the ultrathin sections 
prepared for the TEM ohservation and (iiJ  the large 
paracrystal distortion factor E .  

Figure 12 shows the SAXS profile for K3. The 
experimental profileisshown by dots. Thesolid lineshows 
the theoretical profile for isolated spheres'with the size 
distribution given b y  a Gaussian distribution with mean 
radius R = 70.6 i 0.26 A. standard deviation U R  = 15.1 
0.35 A, and characteristic interface thickness t = 13.3 f 
0.88 A. The thin arrows indicate intersphere interference 

0.0 0.5 1 .o 1.5 2.0 
sr,n2 , A I ,  

I 
- .. . - , . . , 

0. 30. 60. 90. 120. 
PTHETA IMIN.) 

Figure 12. Experimental SAXS profile for the PS-PEP speci- 
men K3 (shown by dots) and the calculated profile (shown by the 
solid line) for a single sphere best fitted to the experimental 
rofile. The best fit yielded R = 70.6 i 0.25 A, v, = 15.1 0.35 i, and t = 13.3 * 0.88 A. 

maxima or shoulders expected for a cubic symmetry, 
located a t  the scattering vectors 1, fi, and & relative 
to  that of the first-order maximum, while the broad 
maximum marked by the thick arrow indicates that from 
the form factor of the isolated spheres. 

VI-2. Method of Parameter  Estimation. We define 
P @I, pz, ..., pm) as a parameter set that we obtain by 
the best fitting of the calculated scattering curve 
Zth,(q;;P) (i = 1, ..., n) and the experimental scattering 
curveI,.,(q;) (i = 1, ..., n), where pi is the scattering vector 
a t  which the scattering intensity is calculated for a given 
set of the parameters [I&,(qi;P)I or measured [Iexp(qJ1. 
We define u(qJ (i = 1, ..., n) as an error between Itdpi;P) 
and Iexp(qi) at 9;. The statistical errors in the photon 
counting of the scattered X-rays are also included in o(qi). 
In our experiments, the scattered X-ray photons typically 
vary from 5 X lo5 to 150 counts with q, corresponding to 
UN~NP/N~ = 0.001-0.08, where U N ~  and Np are the standard 
deviation in the number of photons counted and the mean 
value of the photons counted, respectively. P consists of 
structural parameters such as (I, g, R, UR, and u- The 
probability density L(P) that P is the parameter set to he 
expected is given by 

The minimization of S(P) gives rise to the maximization 
ofL(P). Thisprovidesa basis for anoptimization program 
such as that given below. 

We first assign an initial trial set of parameters P = 
(PI'O', pz(O1, ..., pm'O'). We vary p1 around pl'O' and calculate 
S(P). We determine which minimizes S(P). Simi- 
larly, we determine other parameters p ~ ( ~ ' ,  ..., and p,"]. 
We calculate S(P) for the new set of parameters P = (PI''], 
pz"1, ..., pm(l)). We define the new set of the parameters 
P=@~'l),pz(l', ..., p,'")as thesecondtrialsetofparametem 
P and repeat the above procedure to determine P =  PI'^^, 
p ~ ( ~ ) ,  ...,pm'*l). We repeat this processuntil S(P) converges 
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Figure 13. ‘Transmission election micrograph of the PS-PEP/ 
PS-PEP K2/K3 50/50 W/wt mixture, showing hexagonally 
packed cylindrical microdomains composed ofthePS blockchains 
dispersed in the matrix composed of the PEP block chains. The 
two copolymers KZ end K3 are mixed in the microdomains with 
theirjunctionsat the interfacesand the PSandPEP hlockchains 
segregated in the respective domains. 

to the preassigned value. The set P which gives the 
convergence is regarded to he our best optimum solution 

thus 
obtained as follows. We vary pi around pick’ and calculate 
L ( P = { p ~ ‘ ~ ’ , p z ( ~ ’  ,..., pi ,..., P , ( ~ ) ] ) ,  UP*), and 

P* = { p P ,  p2(k’, ..., p,‘k’]. 
We estimate an error up,(k’ for the parameter 

F(pJ  is approximated by a Gaussian function centered a t  

Similarly, we determine a set of the standard deviations 
2 = (up,, up2, ..., upm) for the optimal parameter set P *  = 
@~“,pz ‘~’ ’ ,  ...,pm‘k’) that results from the specific numerical 
method applied for the data analysis. 

VI-3. Comparison between Experimental and Theo- 
reticalProfiles for a Cylindrical System. The K2/K3 
binary blend with 50150 wtiwt composition was investi- 
gated by TEM. Figure 13 shows a typical TEM micro- 
graph, indicating the hexagonally packed cylinders of the 
PS block chains dispersed in the matrix of the PEP  block 
chains. This image corresponds to that obtained in the 
section on which the cylindrical axes orient nearly normal 
to it. The assembly of cylinders has a grain structure 
similar to that in the lamellar assembly shown in Figure 
9,so thatthe cylindricalaxis n hasanorientationvariation 
from one grain to another. The micrograph clearly shows 
that the two copolymers K2 and K3 are uniformly mixed 
in the microdomain space with their PS and PEP block 
chains in the PS and PEP microdomains, respectively, 
and their chemical junctions at the interface between the 
two domains. 

Figure 14 shows the experimental SAXS profile with 
dots and the hest-fitted calculated profile with a solid line. 
A good agreement between the experimental and calcu- 

p .  , p . (k l  , a nd then the standard deviation upk is obtained. 

I 
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Figure 14. Comparison between the experimental SAXS profile 
(dots) and the best-fitted calculated scattering profile (solidline) 
for thePS-PEPiPS-PEP K2/K350/50wt/wtmixture. Thebest 
fit gave a set of the parameters for the cylindrical system: R = 
78.2 f 1.5A, .q = 10.8 -L. 2.0& c, = 6.7-L. 5.1 A, (I = 360.5* 1.0 
A, and g = (4.70 -L. 0.22) X lo-*. See the comment in section VI-3 
for the large error estimation of 0,. 

lated profiles was obtained, yielding the optimal set of 
characteristic parameters R = 78.2 * 1.5 A, UR = 10.8 i 
2.0 A, us = 6.7 i 5.1 A (or t = 16.8 * 12.8 A), a = 360.5 
i 1.0 A, and g = (4.70 i 0.22) X 1W. It should be noted 
that each parameter affects the net profile in a different 
way. This fact and the fact that there are sufficiently 
large numbers ofscattering peaks facilitate an unequivocal 
determination ofthese parameters. Hereitisworthnoting 
a possible origin of the large error estimation of u, or t 
induced by our method used in this work (section VI-2). 
As is obvious from the scattering theory described in 
section I11 or IV, the parameter associated with the 
interface thickness us or t affects Ie&) only a t  large qi 
or si s, typically s 2 1 X 10-2  A-1 in Figure 14. However, 
the error estimation program used in this work involved 
the calculation of F(pJ (pi = u3 or t in this case) in eq 50 
for all qi covered in this experiment, including not only 
the large qi values relevant to the estimation of u, or t hut 
also the small qi values. Since a small change of u, or t 
does not cause a significant change of S ( P )  a t  the small 
p;s and the contribution of the data S(P) a t  these small 
pi’s to F@J is significant, the small change of a, or t does 
not cause a significant change in F(pi) .  This is a primary 
reason for the large error estimation. Thus a better 
estimation of u, or t can he accomplished by estimating 
F@i) for the data in the relevant q range. In fact, the 
error estimation for t in Figure 12 is much smaller than 
that in Figure 10 or 14, simply because F(pJ  was estimated 
for the data in the relevant q or s range, i.e., s 2 0.75 X 
10-2. 

It should also he noted that the deviation of the 
experimental profile from the calculated profile in the 
angular region between the right-hand side of the first- 
order peak and the left-hand side of the third-order peak 
(at 4 relative to the position of the first-order peak) is 
believed to be due to artifacts related to the instability of 
the desmearing procedure. Thin arrows indicate the 
scattering maxima arising from the intercylinder interfer- 
ence, while the thick arrows marked by numbers 1 and 2 
indicate respectively the first- and second-order maxima 
from the form factor of the single cylinders. 
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VII. Conclusions 
We have presented the formula for elastic small-angle 

scattering from hexagonally packed cylindrical particles 
with paracrystal distortions. The numerical analysis of 
the scattering curves was performed to investigate the 
accuracy of the "Lorentz-corrected" scattered intensity 
profile as well as to investigate the effects of the paracrystal 
distortion factor g and the volume fraction of cylinders on 
the scattering profiles. The Lorentz-corrected profile was 
found to be correct for most of the practical cases in which 
the aspect ratio of the cylinders LIR L 4. A good agreement 
was obtained between a calculated profile and an experi- 
mental SAXS profile for a hexagonally packed cylindrical 
system, providing a- unique determination of various 
parameters such as R, UR, us, a, and g. 

Appendix. Scattering from a Cylindrical Particle 
with a Diffuse Interface 

We define pobs(r) and po(r) as the spatial distribution 
of a scattering contrast with and without a diffuse 
boundary, respectively. is given by a convolution 
product of po(r) and a smoothing function h(r) which 
determines a diffuseness of the boundary for a cylindrical 
particle, 

Po&) = po(r)*h(r) = sp0(u)  h(r--u) du (AI) 

The scattering amplitude f(q) from the particle is then 
given by 

where 3 { x ( r ) )  designates the Fourier transform of the 
function x(r). fo(q;n) 3[(po(r)) is well known and is given 
by 

for the cylinder with a given orientation n with respect to 
the coordinate shown in Figure 3. 

In the case when the cylinder has different interface 
thicknesses oz and us along the directions parallel and 
perpendicular to the cylindrical axis, respectively, h(r) is 
given by 

h(r) = hl(p,) h,(z) 644) 

and 

Here the interface thickness is assumed to be cylindrically 
symmetric and p r  is the radial coordinate normal to the 
cylinder. From eqs A4-A7, we obtain 

(A81 

In the case when uz = 0, we obtain eq 20 from eqs A2, A3, 
and A8. 
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